Abstract. Noncommutative geometry (NCG) is a mathematical tool which has been used in the search for a quantum theory of gravity. However, its application is not limited to this field. In this brief note we present different uses of NCG in Theoretical Physics.
INTRODUCTION
An example of a noncommutative structure can be found in Classical Mechanics, namely, the Poisson brackets
where q and p represent generalized coordinates and momenta respectively. Clearly {q, p} P.P. = 1.
When going to Quantum Mechanics through the replacement
the quantity of interest is the commutator between two operatorsf andĝ. As it is well known, the canonical structure is given in this case by
Noncommutative structures are useful tools for the description of physical phenomena and that these structures imply a discretization of a previous continuous structure. A first attempt where this idea was put into practice was done by H. S. Snyder in 1946 [1, 2] . His aim was to discretize Minkowski space-time with the hope of eliminate the singularities present in processes of quantum electrodynamics. However, due to the success of the renormalization program, his ideas were not longer pursued.
On the mathematical side, the foundations of Quantum Mechanics motivated a series of works by Weyl [3, 4] and Von Neumann on its algebraic structure. In the nineties, Noncommutative Geometry was brought back into attention in physics due to the work of Alain Connes [5, 6, 7] on the foundations of NCG and its connection with General Relativity and the Standard Model of elementary particles, the works of Richard Kerner, John Madore and Michel Dubois-Violette on gauge groups and matrix algebras [8, 9] , and the work of Shahn Majid on quantum groups [10, 11, 12] among others. NCG was also regarded with more interest later on due to its appearance in String Theory, as noted by Seiberg and Witten [13] .
To understand the meaning of a noncommutative structure it is helpful to explain what we mean by a commutative structure. This is illustrated by the following diagram [14] Manifold
Here we see that, associated to a manifold M , we have the algebra C ∞ (M ) of infinite differentiable functions on it. We can then consider more complicated objects build up from them, since functions can be added and multiplied pointwise. These two properties also imply that the algebra C ∞ (M ) is indeed a commutative algebra. A specific example of the previous diagram is given by General Relativity
It should be stressed that the study of the properties of the manifold is equivalent to the study of the algebra of infinite differentiable functions on the manifold. This means that the information encoded in the topology of the manifold is translated into an algebraic structure. That this is also an appropriate way of studying the manifold is contained in the following assertion: two manifolds M and N are diffeomorphic if and only if the algebra of functions C ∞ (M ) is isomorphic to the algebra of functions C ∞ (N ).
The basic idea of NCG in this context can be summarized as the deformation of the commutative structure at the level of the algebra, i.e., a commutative algebra of functions A is modified by some procedure in order to give rise to a NC algebraÂ. We have thus the following diagram
After the deformation, it is then possible to consider objects fromÂ. From the pragmatic point of view, this is all what is needed in order to look for applications in physics. Nevertheless, an important question is related to the nature of the NC manifold associated to the NC algebra A. In general it is not possible to elucidate its structure but in a few simple cases and further work is still needed to clarify this issue.
Among the goals of NCG applied to physics we can cite the following ones:
1. Elimination of singularities in classical theories due to the discrete structure provided by the deformation parameter (introduction of a fundamental length scale of the same order as Planck's scale).
2. Unification of General Relativity and the Standard Model of elementary particles at the geometric level (gravity together with weak and strong interactions as different manifestations of the same gravitational force on a generalized space-time). 3. Quantum effects in gravity and field theory (corrections to high-energy processes, experimental bounds on noncommutative parameter).
In the next sections we discuss some work done along these lines of research.
SNYDER'S SPACE-TIME
In 1947 it was shown by H. S. Snyder [1, 2] that a continuous structure was not necessary for the formulation of Special Relativity. This construction is such that no difference with usual physical phenomena is predicted at low energies. The beginning step in this formulation was to promote the usual coordinates t, x, y, z to a set of Hermitian operatorst,x,ŷ andẑ in a given Lorentz frame and to demand that the spectrum of the operatorst ′ ,x ′ ,ŷ ′ andẑ ′ , which leave the metric invariant under Lorentz transformations and are built up from lineal combinations of the original operatorst,x,ŷ andẑ, should be the same as that of the operatorst,x,ŷ andẑ. For this, an auxiliary space of dimension five is introduced, given in terms of the generators of the invariance group of the quadratic homogeneous form
with the constraint η ′ 4 = η 4 . The coordinate operatorŝ
are then defined, with a being a length scale. It can be shown that the operatorx has a discrete spectrum aZ, and therefore the coordinate along the x direction is quantized. A similar calculation shows that the operatorsŷ andẑ also have a discrete spectrum. On the other hand, the operatort has a continuous spectrum, ranging from −∞ to +∞. Furthermore, it can be seen that the following commutator relations hold
By defining the matrix [15] 
then it is readily verified that
These are the commutation relations satisfied by the Lorentz group of Special Relativity.
To complete this picture, the momentâ
can be defined as well, leading to the algebraic structure of the Poincaré group
That Lorentz invariance is preserved can be seen from the fact that
Finally, the following dispersion relations can be calculated straightforwardly
These modified dispersion relations show that at high energies, some noticeable deviations may be observed experimentally from standard physics. This has prompted the study of more general dispersion relations of the form
Such modification would lead to possible violations of Lorentz invariance. For example, at the Planck scale, particles traveling cosmological distances may show different propagation speeds; energy thresholds can also be modified [16] . This latter case happens when the term proportional to p n is of the same order as the mass of the particles involved, for in that case
The shift of the energy thresholds result in different times of flights for particles having different energies. In the case of photons
Theoretical bounds on the values for ∆t range from 0.1 ms to 0.35 ms [16] . They are certainly accessible to present laboratories.
THE SEIBERG-WITTEN MAP
It was noticed in 1999 by Seiberg and Witten [13] , in the context of String Theory, that an interesting relation can be established between commutative and noncommutative gauge theories; it is given by the emergence of the following commutator
The above commutation relation involves a product which is different from the usual pointwise product of functions. It is known as the Groenewold-Moyal-Weyl (GMW) product [3, 17, 18] or simply ⋆-product. To understand its origin, let us consider the algebraÂ of polynomials on variablesx µ , modulo the constraint
Here it should be stressed that the elements θ µν are constants. A realization of this algebra in terms of complex functions of commutating variables x µ can be achieved by considering the so-called Weyl symbol [3] . This is a map W , which associates to a function f ∈ C ∞ (A ), a symbolf in the following way
is nothing but the Fourier transform of the function f . The ⋆-product of two functions f , g ∈ C ∞ (A ) is then defined by the relation
Explicitly we have
Now, by using the Hausdorff formula we obtain
In this form we immediately deduce that
Here x x x = (x µ ). It is straightforward to see then that
In the 2-dimensional case, we obtain the so-called noncommutative plane, quantum plane or Manin plane [19] . For further insight into the ⋆-product see for instance [20, 21, 22, 23, 24] . The ⋆-product can be used to construct a noncommutative version of the Standard Model [25, 26, 27] . In the general setup, we have to consider a gauge group G, with corresponding generators {T i } in a certain representation V . The associated gauge field can then be decomposed as A µ = A i µ T i , and the gauge parameter as α = α i T i . A generic scalar matter field is denoted by ψ. All these ingredients should be in the appropriate algebra representation because of problems in noncommutative space due to charge quantization and the closure of the commutation relations in the Lie algebra. This is achieved by using the associative universal enveloping algebra U spanned by products of generators of the gauge group
The Seiberg-Witten map allows to realize noncommutative gauge transformations using representations of the enveloping algebra in terms of commutative fields. This is performed with help of the gauge equivalence equations, which in the general case are given byÂ
where
are standard gauge transformations. This set of equations establish the gauge equivalence
among commutative fields and their noncommutative counterparts. As a calculation shows [25] , to order O(θ ), the solution to the gauge equivalence equations are
ψ θ µν F µν ψ. (38) The coefficients c
A , and c (1) ψ are arbitrary and in principle a source of ambiguities when calculating physical processes; in fact, when applied to the Standard Model, these calculations show the presence of a number of ambiguous terms in the expressions for the gauge field, gauge parameter and matter fields. Up to first order such ambiguities can be eliminated with help of the equations of motion. However, in second order the solution to the Seiberg-Witten map contains undetermined coefficients, which affect cross sections of physical processes such as e + e . → γγ. This opens the way to test and to give experimental bounds on the noncommutative parameter [26, 27] .
THE FUZZY SPHERE
The fuzzy sphere [28] is an example of a noncommutative space based on finitedimensional algebras of functions, with the same symmetries as their classical counterparts; it can be identified with the 2-dimensional (euclidean) 'gravity' of the 2-sphere. The fuzzy sphere has been used extensively in the study of noncommutative gauge theories [29, 30, 31, 32] . In general, fuzzy spaces may be build up using a finite-dimensional matrix algebra as an approximation to the infinite dimensional algebra of functions on a manifold. Since the commutation relations among coordinates introduce a natural length scale, field theory formulated on fuzzy space is regularized, but the regularization has to be compatible with a geometrical symmetry group.
The construction of the fuzzy sphere is as follows [28] : consider a 2-sphere S 2
described in terms of commutative coordinatesx µ . Define then the algebra
and the ideal
The algebra
is the algebra of complex valued functions on S 2 , having a polynomial expansioñ
The coefficients f a 1 ...a i ∈ C, are symmetric and traceless. The vector space spanned by the f a 1 ...a i has dimension dim( f a 1 ...a i ) = 2i + 1. In consequence, a polynomial of degree n − 1 spans a vector space of dimension dim[ f (x x x)] = n 2 . This fact allows to establish the following correspondence
between the algebra A and the algebra of complex n × n matrices Mat(n, C). We have then the possibility to describe the algebra A by means of matrix algebras. In general, the map A → Mat(n, C) is given bỹ
The J a 's are the generators of the Lie algebra su(2) in the n-dimensional irreducible representation. It is then straightforward to see that the commutator between two "coor-
wherek ∼ 2r 2 /n → 0, as n → +∞. Therefore, we obtain a sequence of noncommutative structures which approximate the algebra of functions C (S 2 ), and thus the geometry of S 2 . The inverse map
is also of interest; its image is the set of functions on S 2 which are polynomials in the commutative variablesx a of degree up to and including n. First, an arbitrary element f ∈ Mat(n, C) admits the unique expansion
where the elements f a 1 ...a l are symmetric and traceless. The map φ n is obtained through the replacement of x a byx a in the above expression, i.e.
which defines an elementf ∈ C (S 2 ). If we consider two elements f , g ∈ Mat(n, C) of order one f = f 0 + f a x a , g = g 0 + g a x a ,
it can be seen then that
where f , g ∈ Mat(n, C) have an expansion of order at most l ≤ n.
CONCLUSIONS
We have presented some examples where noncommutative structures can be used in Physics. Some topics not discussed here are Noncommutative Field Theory [33, 34] , Noncommutative Gauge Theories and their relation with String Theory [35, 36, 37] , the Quantum Hall Effect [38, 39, 40] , Noncommutative Quantum Cosmology [41, 42, 43] and Noncommutative Sigma Models [44, 45, 46] among others. Textbooks where these topics and many more are discussed are [6, 47, 48, 49] . In spite of the broad range of application of Noncommutative Geometry, they are some aspects which deserved further study and are still subjects of criticism. For example, most of the models based on the ⋆-product or noncommutative differential structures admit only a perturbative treatment. There are however, interesting physical scenarios where equations and relations can be elucidated in full generality. It should be kept in mind that by introducing a length scale, Noncommutative Geometry attempts to modify the microscopic structure of the spacetime; the study of these lowest order corrections may throw light into the fundamental issue of a quantum theory of gravity.
